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Transonic Flutter and Response Analyses
of Two 3-Degree-of-Freedom Airfoils

T.Y. Yang* and C.H. Ghent
Purdue University, West Lafayette, Indiana

Flutter and time-response analyses are performed for a NACA 64A006 conventional and a MBB A-3
supercritical airfoil, both oscillating with plunge, pitch, and aileron pitch degrees-of-freedom (DOF's) in small-
disturbance transonic flow. The aerodynamic coefficients are calculated using the transonic code LTRAN2-
NLR. The effects of various kinds of aeroelastic parameters on flutter speeds for the bending-torsion, bending-
aileron, and torsion-aileron branches are studied. The flutter speeds associated with the bending-torsion branch
are plotted against Mach number for different parameter values and the transonic dip phenomenon is
demonstrated. To study the flutter modes, the flutter speed, amplitude ratio, and phase difference at different
Mach numbers are plotted against the mass ratio for both a 2DOF and a 3DOF case. Time-response results are
obtained for the NACA 64A006 and the MBB A-3 airfoils at M=Q.85 and 0.765, respectively. Based on the
same sets of parameter values, the flight speeds used to obtain all the neutrally stable responses are very close to
the flutter speeds obtained in the flutter analysis. The principle of linear superposition of airloads is used in the
flutter analysis, but not in the response analysis.

Introduction

THE numerical methods and computer codes for transonic
unsteady aerodynamics have been developed significantly

in recent years. A state-of-the-art review of the numerical
methods was given by Ballhaus and Bridgeman.1 Aeroelastic
applications of these developments were performed and
reviewed by authors such as Ashley,2 and Yang, Guruswamy,
and Striz.3 Extensive reviews and physical interpretations of
the transonic flutter problems of wings were given by
Mykytow4 and Zwaan.5

Farmer and Hanson6 performed flutter model tests and
analyses of two dynamically similar wings, one with super-
critical sections and the other with conventional sections. It
was found that the experimental results agreed with those
calculated from the subsonic lifting surface theory up to the
Mach number of 0.85. Beyond that Mach number, the ex-
perimental curves for dynamic pressure showed a transonic
dip phenomenon and the supercritical wing experienced a
much more pronounced transonic dip than the conventional
wing.

Flutter analyses of airfoils oscillating with only two DOF's
(plunge and pitch) were carried out extensively. Rizzetta7 used
STRANS2 and UTRANS28 to analyze a NACA 64A010
airfoil. Yang, Striz, Guruswamy, and Olsen used STRANS2,
UTRANS2, and LTRAN29 to analyze a NACA 64A006
airfoil.10 Yang, Guruswamy, and Striz later used both codes
to analyze a MBB A-3,11 and a NACA 64AGIO3 airfoil. They
also used LTRAN2 to analyze a CAST 7 airfoil and used
STRANS2 and UTRANS2 to analyze a TF-8A wing section.3

Owing to the low-frequency approximation used in LTRAN2
and the convergence difficulty encountered in using
UTRANS2, the reduced frequencies in full chord were
restricted to within approximately 0.2 or 0.3, thus limiting the
ranges of aerodynamic and aeroelastic parameters chosen.

Reviews of flutter examples of a straight, a swept, and a
delta cantilevered wing in Refs. 4 and 5 suggested that the
transonic flutter characteristics of the swept wing emerge as
most critical. The first bending and first torsion natural
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vibration modes and the nodal lines for a swept-back wing are
plotted in common literature (see, for example, Fig. 7 of Ref.
5). For a typical swept-back wing section vibrating in the first
bending mode, the pivot point is ahead of the leading
edge.5'12'13 In the analysis of such a section, Isogai12 suggested
that the mechanism of the single DOF (first natural mode)
flutter dominates the flutter of the system studied at the
bottom of the transonic dip. The large time lag between the
aerodynamic pressure and the airfoil motion in the transonic
region, which is caused by the compressibility effect, is the
main cause of the transonic dip phenomenon. Isogai13 also
developed a transonic small-perturbation code which can be
used for the reduced frequency kc with values up to 1.0 and
the entire transonic Mach number range. He used the code to
study the NACA 64A010 airfoil for two cases, simulating
characteristics of a streamwise section of a swept-back and an
unswept wing. It was suggested from the examination of the
unsteady load distributions that the large negative damping
produced by the phase lag of the shock wave motion is the
cause of the occurrence of the single DOF (first natural mode)
flutter and hence the cause of the transonic dip phenomenon.

McGrew et al.14 carried out flutter analysis of a TF-8A
flutter model and the YC-15II prototype aircraft. It was
demonstrated that supercritical wings exhibited significantly
lower flutter speeds than a conventional wing of equal size
and rigidity.

Eastep and Olson15 reported the flutter analysis of a rec-
tangular wing by using the three-dimensional unsteady
transonic codes TDSTRN and TDUTRN.8

In addition to the flutter analysis, aeroelastic time-response
analysis has also become a topic of recent interest. Ballhaus
and Goorjian16 first performed a time-response analysis of a
NACA 64A006 airfoil oscillating with a pitch DOF at
M=0.88. The time-response analysis was computed by using
their program LTRAN2 for unsteady flow coupled with an
integration procedure for the structural equation of motion.

Rizzetta17 performed a time-response analysis of a NACA
64A010 airfoil with a single pitch DOF and three
DOF's—pitch, plunge, and aileron pitch. The LTRAN2 code
was used. It was pointed out in Ref. 17 that no attempt was
made to obtain the neutrally stable response curves
corresponding to the flutter condition for the 3DOF system.

Guruswamy and Yang18 performed a time-response
analysis of a flat plate (at M=0.7) and a NACA 64A006
airfoil (at M=0.85) oscillating with plunge and pitch DOF's.
Again, LTRAN2 was used. Parameters that resulted in the
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neutrally stable response agreed with those equivalent to the
flutter conditions found in a separate flutter analysis. The
principle of linear superposition of airloads was used in the
flutter analysis but not in the response analysis.

Recently, several modifications have been incorporated
into LTRAN2. Houwink and van der Vooren19 improved the
LTRAN2 code by developing its NLR (National Aerospace
Laboratory of the Netherlands) version. High-frequency
terms were added to the boundary conditions and the pressure
computations. Rizzetta and Chin20 and Rizzetta and
Yoshihara21 included the <£„ term in the small-disturbance
equation. There is no longer the assumption of low reduced
frequency. Viscous effects were incorporated in the code by
using a viscous ramp method.21

Goorjian22 gave a preliminary study to remove the small-
disturbance and low-frequency restrictions by considering the
full potential equation. Borland, Rizzetta, and Yoshihara23

developed a transonic code LTRAN3 which can solve the
three-dimensional low-frequency, unsteady transonic
equation by the time-integration method.

Among these new developments, the LTRAN2-NLR ap-
pears to be an attractive code for aeroelastic applications. In
the computation of the unsteady aerodynamic coefficients,
the LTRAN2-NLR can be applied to a considerably extended
range of reduced frequency as compared to LTRAN2 and
UTRANS2. With this new capability, the flutter analysis and
the time-response predictions for the 3DOF (plunge, pitch,
and aileron pitch) systems become more feasible. More
realistic and broader ranges of parameter values can be
considered.

In this study, LTRAN2-NLR is used to analyze a NACA
64A006 conventional and a MBB A-3 supercritical airfoil
fitted with trailing-edge ailerons of 25% of the chords. Three
DOF's are considered. Flutter analysis is first performed and
the effects of various parameters are studied. Transonic dip
phenomenon is observed and discussed. The neutrally stable
time-response predictions are then obtained with their flight
speeds correlated to the flutter speeds found in the flutter
analysis. The effect of the mass ratio on the flutter modes
(amplitude ratios and phase differences) for various Mach
numbers is studied.

Flutter Equation and Solution Procedure
The parameters and sign conventions for the airfoil with

pitch, plunge, and aileron pitch DOF's are defined in Fig. 1.
The system is similar to that discussed in Sec. 6.10 of Ref. 24.

Based on the derivations given in Ref. 24 the flutter
equation can be written in the form

(1)

where ^ — m/iipb2 is the mass ratio; kc = uc/Uis the reduced
frequency; £ = h/b is the nondimensional plunge displace-
ment; the three matrices are defined as

-2cn

-2c.

(2a)

(2b)

0

0

0

0

(2c)

where ra = (Ia/mb2)'/2 and r& = (I^/mb2)'/2 are the radii of
gyration of the airfoil and aileron about the elastic axis and
the aileron hinge axis, respectively; matrix [A] contains the
nine aerodynamic coefficients associated with the three
respective DOF's; <*„ = (Kh/m)», coa = (Ka/Ia) ">
&£ = (Kp/Ip)1/2 are the three uncoupled natural frequencies;
and cor = coa is the reference frequency.

The eigenvalue X is a complex number defined as

(3)

where g is the so-called structural damping coefficient. The
flutter solution is obtained when g is found to be zero.24 The
flutter speed is nondimensionalized as U* — U/bua

In the present flutter analysis, the principle of linear
superposition of airloads was assumed valid in deriving the
flutter equation.

Justification of this principle was studied experimentally by
Davis and Malcolm25 for a NACA 64 AGIO airfoil oscillating
with plunge and pitch DOF's. In the conclusion, they stated
that the principles of superposition and linearity were shown
to be valid for supercritical attached flow. In a time-response
analysis of a NACA 64A006 airfoil oscillating with plunge
and pitch DOF's, Guruswamy and Yang18 showed in a
specific example that the parameter values associated with the
flutter speed at the bottom of a transonic dip can indeed be
used to obtain the neutrally stable response. The principle of
superposition was used in the flutter analysis but not in the
response analysis.

As an attempt to validate this principle in its application to
flutter analysis of 3DOF case, neutrally stable response results
are obtained for three specific examples where alternative
flutter solutions are found in the separate flutter analyses.

In the flutter analysis, the elastic axis does not always
coincide with the pitching axis for which the aerodynamic
data are obtained. The equations for transforming the
aerodynamic coefficients for a pitching axis 0' (see Fig. 1) to
those for another pitching axis (elastic axis) 0 are in the
following form8:

Fig. 1 Definition of parameters for 3DOF aeroelastic analysis.
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Clb ~ Clb Cla = Cl(x ~ SC15 C10 = Cl/3 '

Cd = n6
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(4)

where s=(ah-xp)/2.

Equations of Motion and Response Analysis Procedure
The time-response analysis is based on the following

equations of motion:

(5)

where the prime indicates derivative with respect to non-
dimensional time i( = atf).

Equation (5) can be written in a simplified symbolic form as

(6)

where [q] is the vector for the three DOF's;
[N]=(2ur/U*kcua)2[K]; and [p] is the vector of
aerodynamic forces. This equation can be solved by a step-by-
step time-integration finite-difference approach.

Assuming a linear variation of acceleration, the velocities
and displacements after a small time step A? can be expressed
as

},_A ,+ (Af/2) ( q " ] t

integrated in time for several cycles in response to the forced
motion. The displacement vector of the airfoil is specified
according to the amplitude ratios and the phase angles of the
flutter mode of the 3DOF system. After the aerodynamic
responses become periodic, the system is set free, the
simultaneous integration procedure begins, and the airfoil
and the aerodynamic forces drive each other.

Results of Aerodynamic Computations
A NACA 64A006 conventional and a MBB A-3 super-

critical airfoil were studied. Both configurations were among
those proposed by AGARD for aeroelastic applications of
transonic unsteady aerodynamics. The airfoil coordinates
used were taken from Ref. 27. Both the steady and unsteady
aerodynamic coefficients were computed by using LTRAN2-
NLRcode.19

In view of the strong dependence of unsteady loads on the
steady aerodynamics in the transonic range, the first step is to
assure that the pressure distribution and magnitude for the
steady case, including shock location and strength are correct.
The next step is then incorporation of the effects of frequency
on magnitude and phase angle of the shock motions and of
overall aerodynamic forces.

Figure 2 shows the steady pressure distributions for the
NACA 64A006 airfoil with zero angle of attack for M=0.7,
0.8, 0.85, 0.875. The experimental results obtained by
Tijdeman28 at M=0.85 were also plotted. At M-0.85, a
weak shock wave is present. The present results agree well
with those by Tijdeman except in the neighborhood of
30 — 40% of the chord. At M= 0.875, a strong shock wave is
formed.

The design conditions for the MBB A-3 airfoil are:
M = 0.765; c, = 0.58; a= 1.3 deg. In an attempt to match the
design lift coefficient of 0.58, the angles of attack were chosen
as 1.2, 1.2, 0.86, and 0.6 deg for Mach numbers 0.7, 0.74,
0.765, and 0.78, respectively. The steady pressure
distributions for the four cases were plotted in Fig. 3. The
experimental results of Bucciantini, Oggiano, and Onorato29

obtained in the A.R.A. Bedford Wind Tunnel for M= 0.765,
c/ = 0.519, and 0:= 1.5 deg were also plotted. For M= 0.765, a
relatively weak shock wave occurs in the neighborhood of
55—60% of the chord. The results agree well with the ex-
perimental data except in the neighborhood of 40-60% of
the chord. The present angle of attack is, however, smaller
than that used in Ref. 29. For M=0.78, the shock wave
becomes stronger and shifts aft.

Substituting Eqs. (7) into Eq. (6) yields

where

(7)

(8)

(9a)

(9b)

This direct integration method for structural response
analysis is well known.26 The vector for aerodynamic forces is
obtained using LTRAN2-NLR code.

In each time step, {q" } at the time t are first obtained from
the known values of { q } , [q'}> (q" ), and [p] at t — At from
Eq. (8). The vectors [q } and [q] at the time t are then
obtained from Eqs. (7). Based on the known values of [q]
and {#'}, the aerodynamic force vector [p] at the time t can
be obtained using LTRAN2-NLR code. A detailed description
of the time-response analysis procedure is given in Ref. 18.

In order to obtain the neutrally stable responses for flutter
condition earlier, the aerodynamic equation alone may be
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Fig. 2 Distribution of steady pressure coefficients for NACA
64A006 airfoil.
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Fig. 4 Three unsteady lift coefficients vs Mach number for NACA
64A006 airfoil at three reduced frequencies.

In the unsteady aerodynamic calculations, 60 time steps
were used for each half-cycle. The amplitudes chosen were
0.02 chord and 0.1 deg for the plunge and pitch DOF's,
respectively. The nine aerodynamic coefficients c/6, c/a, c/j3,
Cmd> Cma> Cm(3> Cn6> C'na> and Cn(3> WerS Computed by Using a
79x99 grid. Both airfoils fitted with trailing-edge ailerons of
25% of the chords were assumed to pitch about the quarter
chord. The results were tabulated in Ref. 30 with reduced
frequency kc equal to 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 1.2, and 1.6
for each Mach number considered. Figures 4-6 show the
trends for the nine aerodynamic coefficients (both real and
imaginary) vs Mach number for NACA 64A006 airfoil at
three different values of reduced frequency.

Results of Flutter Analysis
Unless otherwise specified, the present flutter analysis was

based on the following set of common parameters: ah — — 0.2;
*a=0.2; ra = 0.5; ^=0.008; ^=0.06; 0^/0^ = 0.3; and
fji = 50. The Mach numbers considered were 0.7, 0.8, 0.85, and
0.875 for the NACA 64A006 airfoil and 0.7, 0.74, 0.765, and
0.78 for the MBB A-3 airfoil. A flutter analysis of a Hat plate
with a trailing-edge aileron at M=0.7 was first performed
using the aerodynamic data obtained from the kernel function
method and LTRAN2-NLR code. The two sets of curves
obtained for -U* vs co^/o^ by the two methods agreed well
with each other.30

Effect of Frequency Ratios u^ /wa and uh / wa

The curves for the flutter speed vs w0/o>a ranging from 0 to
2 for'three uh/ua values (0.1, 0.3, and 0.5) and various Mach
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Fig. 5 Three unsteady pitching moment coefficients vs Mach number
for NACA 64A006 airfoil at three reduced frequencies.

-k=o.i ___-k=o.8
0.05

0.04
0.03

0.02

0.01

Cn5 0-
-0.01

-0.02

-0.03
-0.04
-0.05

REAL

-0.03-

1MAG

07

-0.12

i'0.15

IMAG

-009

-0.12
REAL

0.90.8 Q9 w 0.7 Q8 0.9 UJJ 0.7 0.8
M M M

Fig. 6 Three unsteady hinge moment coefficients vs Mach number
for NACA 64A006 airfoil at three reduced frequencies.

numbers were obtained for both airfoils and plotted in Ref,
30. Only the results for the NACA 64A006 airfoil at M= 0.85
are given here (Fig. 7). The flutter boundaries for the three
branches: bending-torsion, bending-aileron, and torsion-
aileron can be correlated to those for the corresponding
binary cases except in the transition zones. Such correlation
was made in the study of subsonic cases.31

For wh/ua =0.1 in Fig. 7, the flutter speed for the bending-
torsion branch increases very slightly with u$/ua and the
curve approaches asymptote for oo^/oja-*oo,, which
corresponds to the bending-torsion binary flutter value. The
flutter boundaries for the torsion-aileron and bending-aileron
branches appear in the regions of co^/o^ <0.92 and 0.18,
respectively.

For 0^/0)^=0.3 and 0.5, the flutter boundaries for the
torsion-aileron branches are not too much different from
those for o)A/wa = 0.1. However, the two boundaries for
bending-torsion and bending-aileron branches become
continuous curves, each with a transition portion.

The resulting curves obtained for all other Mach numbers
for both airfoils30 show the trends similar to those found in
Fig. 7.

A common means to eliminate the flutter boundaries for
the bending-aileron and the torsion-aileron branches is to use
aileron mass balance or high aileron pitch stiffness. For a
modern aircraft with power-operated irreversible controls, the
value of 000/a^ is much higher than, say, 1.0 and thus the
flutter boundaries for the two aileron associated branches do
not exist. In the following analyses, o^/o^ values considered
were 0.8 and 1.5, respectively, such that the flutter boundaries
for the bending-aileron branch is totally avoided but those for
the torsion-aileron branch still exist at co^/co^ = 0.8.

It is noted that the flutter speed for the bending-aileron
branch on Fig. 7 would be too low to match the selected Mach
number unless the torsional stiffness or o>a is very high. It is
also noted that co^/o^ for a business jet could be below 1 and
it is usually equal to or greater than 1 for fighters.



OCTOBER 1982 TRANSONIC FLUTTER AND RESPONSE 879

6 --

Q
U
LJ
O.

NftCfi 64R006 AIRFOIL AT M-0.85

—— COh/COa-0.1
-0.3

- 0.5

-TORSION-RILERON BRANCH
BENDING-TORSION BRANCH-

BENDING-AILERON BRANCH

0.8 1 .6 2.0

0 0.4 0.8 1.2 1.6 2.0

PilLERON-RIRFOIL PITCH FREQUENCY RRTIO (00 /̂CX)a)

Fig. 7 Effect of aileron-airfoil pitch frequency ratio on flutter speed
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Effect of Mass Ratio fi
The curves for the flutter speed vs mass ratio \i for two

cop/o;^ values, 0.8 and 1.5, and various Mach numbers were
obtained for both airfoils.30 Only the results for the NACA
64A006 airfoil at M= 0.85 are shown here (Fig. 8).

For up/ucx = 1.5, the flutter speed for the bending-torsion
branch increases with />t in a fashion similar to that for bend-
ing-torsion binary flutter. The flutter boundaries for the two
aileron associated branches are absent.

For o^/co^ = 0.8, the flutter speed for the bending-torsion
branch first increases and then decreases gradually as /x in-
creases, due to the effect of the aileron motion. Two flutter
boundaries for the torsion-aileron branch appear at /x>35
and both increase as JJL increases.

Effect of the Position of Airfoil Mass Center xa

The curves for the flutter speed vs xa ranging from - 0.2 to
0.4 for two «0/coa values, 0.8 and 1.5, were obtained for the

- 6

NACA 64A006 AIRFOIL AT M-0.85

—— CU,3/GOa=:0.8

-.2 -.1

-TORSION-AILERON BRANCH
—i—————i—————i—————i——
0 0.1 0.2 0.3 0.4

0.1 0.2 0.3 0.4
POSITION OF AIRFOIL MASS CENTER (Xa)

Fig. 9 Effect of position of airfoil mass center on flutter speed;
ra = 0.5, ah = - 0.2, xft = 0.008, rft = 0.06, ^ = 50, and ah /ooa = 0.3.

MBB A-3 and the NACA 64A006 airfoils at M-0.765 and
0.85, respectively.30 Only the results for the NACA 64A006 at
M= 0.85 are shown here (Fig. 9).

For 0*0/0^ = 1.5, the flutter speed for the bending-torsion
branch increases as the mass center moves forward. The
flutter boundary for the torsion-aileron branch only appears
when xa< -0.08. The sharp turn at the top of the curve
marks the transition between the two branches. The flutter
boundary for the bending-aileron branch is absent.

For o>0/o;a =0.8, the flutter boundaries take similar trends
as those for o^/o^ = 1.5. The transition between the bending-
torsion and torsion-aileron branches occur near the top of the
curve. The tip on the right of the flutter boundary for the
torsion-aileron branch extends to xa = 0.29.

It is physically clear that when an airfoil oscillates with only
a single pitching DOF (first natural mode), the forward
movement of the mass center stabilizes the airfoil. Such
stabilizing effect is also evident in the present flutter speed
curves for the bending-torsion branch of a 3DOF system.

Effect of the Position of Elastic Axis ah

The curves for the flutter speed vs ah ranging from -0.5 to
0 for two co0/wa values, 0.8 and 1.5, were obtained for the
NACA 64A006 and the MBB A-3 airfoils at M-0.85 and
0.765, respectively.30 Only the results for the NACA 64A006
airfoil are shown here (Fig. 10).

For Up/ua = 1.5, the flutter speed for the bending-torsion
branch increases as the elastic axis moves forward. The flutter
boundary for the torsion-aileron branch appears in the form
of a loop in the region of ah < - 0.47.

For o>0/o;a=0.8, the flutter boundary for the bending-
torsion branch assumes a similar trend as that of the former
case. The loop-shaped boundary for the torsion-aileron
branch extends to ah = -0.14. The boundaries for the bend-
ing-aileron branch disappear in both cases.

The forward movement of the elastic axis has the same
stabilizing effect as that of the mass center. Thus, the trend of
the flutter boundaries of the bending-torsion branch observed
in Fig. 10 is quite similar to that in Fig. 9.

Effect of the Position of Aileron Mass Center x^
The curves for the flutter speed vs x$ ranging from 0 to 0.02

for two co^/o^ values, 0.8 and 1.5, were obtained for the
NACA 64A006 and the MBB A-3 airfoils at M=0.85 and
0.765, respectively.30 Only the results for the NACA 64A006
airfoil are shown here (Fig. 11).
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Fig. 10 Effect of position of elastic axis on flutter speed; xa = 0.2,
ra = 0.5, XQ = 0.008, rft = 0.06, /* = 50, and uh /«„ = 0.3.
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Fig. 11 Effect of position of aileron mass center on flutter speed;
jca = 0.2, ra = 0.5, ah = - 0.2, r~ = 0.06, n = 50, and co^ /<oa = 0.3.

For W0/o)a = 1.5, only the flutter boundaries for the bend-
ing-torsion branch appear. The flutter speed decreases slightly
as XQ increases. For co/3/o)a =0.8, the flutter speed for the
bending-torsion branch decreases with x$ more pronouncedly
than that for o>j8/coa = 1.5. The drop in flutter speed at
x& =0.02 is obviously due to increased aileron response. For
c*>0/wa =0.8, the plunge-pitch-aileron amplitude ratios are
1:0.18:0.10, 1:0.10:0.17, 1:0.065:0.62, forx^=0, 0.008, and
0.02, respectively. For 0^/0^ = 1.5, such ratios are
1:0.08:0.061,1:0.13:0.092, and 1:0.076:0.21 for .̂  = 0, 0.008,
and 0.02, respectively. For 0^/0^=0.8, the phase lags for
plunge-pitch and plunge-aileron are 0.10 and 1.96,
-0.10 and 0.70, and -0.30 and 0.25 for ̂ =0, 0.008, and
0.02, respectively. For Up/ua = 1.5, such two phase lags are
0.20 and 1.93, 0.14 and 0.74, and -0.003 and 0.31 forx^O,
0.008, and 0.02, respectively. Although both curves are
originally labeled as bending-torsion branch at low x$ values,
they gradually transform into bending-aileron branch as x&
increases.

For co0/oja =0.8, the flutter boundary for the torsion-
aileron branch appears only at Jc/3>0.003. The flutter
boundary for the bending-aileron branch is absent.

It may be seen that the forward movement of the aileron
mass center can not only eliminate the flutter boundary for
the torsion-aileron branch (at x& > 0.003 in this case), but also
can increase the flutter speed of the bending-torsion branch.
The advantage of using aileron mass balance is seen in this
case.

Effect of Mach Number (M)
Results for the flutter speed vs Mach number were plotted

for both airfoils for /* = 20 and 50 in Fig. 12. The curves were
plotted for two values of Up/ua, 0.8 and 1.5. All these curves
are for the bending-torsion branch only.

For Up/ua = 1.5 and for the present values assumed for the
other aeroelastic parameters, only the flutter boundaries for
the bending-torsion branch are present. Those for the other
two aileron related branches are absent. For c^/o^ =0.8, the
flutter boundaries for the bending-aileron branch are absent
and those for the torsion-aileron branch are lower than those
for the bending-torsion branch. However, the flutter speed
curves for the bending-torsion branch at 0^/0^ = 0.8 were
still plotted in Fig. 12 for the purpose of comparison with
those at Up/ua = 1.5. As noted earlier, for a modern aircraft
with power-operated irreversible controls the value of co^/o^
may be much higher than, say, 1.0.

The figure shows that the bottoms of the transonic dips
occur in the neighborhood of the design Mach number of
0.765 for the MBB A-3 airfoil and in the neighborhood of
M=0.85 for the NACA 64A006 airfoil. In a flutter analysis
of the NACA 64A006 airfoil with only plunge and pitch
DOF's10 the transonic dip for the parameter values considered
was also found to be near M= 0.85.

The figure shows that the mass ratio has a detrimental
effect in deepening the transonic dip. This effect was pointed
out in Ref. 4.

The transonic dip phenomenon may be explained as a result
of the compensating effects of the lift coefficient and the
position of the center of pressure.32 Description of the
mechanism of the transonic dip is attempted in the next
section. It may also be of interest to point out that each
transonic dip in Fig. 12 occurs in the range of Mach numbers
where the phase lag of the lift coefficient cla becomes
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Fig. 13 Flutter speed and flutter mode (amplitude ratio and phase
angle) vs mass ratio for both airfoils for a 2DOF swept wing
simulation; xa = 1.8, ra = 1.867, ah = - 2, and w^ /wa = I .
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Fig. 14 Flutter speed and flutter mode (amplitude ratio and phase
angle) vs mass ratio for both airfoils for a 2DOF straight wing
simulation; xa = 0.2, ra = 0.5, ah = - 0.2, and uh /wa = 0.3.

relatively the largest. Similar observation was reported in
Refs .5andl3.

Results for the flutter speed vs Mach number for other
values of the parameters uh/ua> xa, ah are available in Ref.
30.

Discussion of the Flutter Modes
To study the flutter mode, the case of two DOF's (plunge

and pitch) was first considered. The flutter speed, plunge-
pitch amplitude ratio, and plunge-pitch phase difference were
plotted against the mass ratio in Fig. 13 for both airfoils and

-M-0.7 0.765

-0.78

40 80 120 160 200

15

10

5 -

M-0.7 -0.78

40 80 120 160 200

1.0

-0.5
40 16080 120

MRSS RflTIO ( M )
Fig. 15 Flutter speed and flutter mode (amplitude ratios and phase
angles) vs mass ratio for the MSB A-3 airfoil for a 3DOF straight wing
simulation; *a=0.2, ^=0.5, ah = -0.2, x^= 0.008, ^=0.06,

= 0-3» and co^ /toa = 1.5.

various Mach numbers. The values of the parameters used are
the same as those assumed for a NACA 64 AGIO airfoil in the
case of a swept wing simulation in Ref. 13: ;ta = 1.8;
ra = 1 .867; ah=- 2.0, and wA /w a = 1 .0.

It is seen that, at the bottoms of the transonic dips
(Af=0.78 and 0.875 for MBB A-3 and NACA 64A006 air-
foils, respectively), the amplitude ratios gradually converge to
a constant value of L868 (first natural mode) and the phase
differences gradually approach zero as the mass ratio becomes
larger. There is more bending (change in flutter mode) at
higher mass ratios or higher Mach numbers than for lower
mass ratios and lower Mach numbers. The phenomenon
observed here agrees with that pointed out in Ref. 13.

The parameter values were then changed to xa=Q.2;
ra =0.5; ah = -0.2, and co^/coa =0.3 for the case of a straight
wing simulation. The results were plotted in Fig. 14 in the
fashion similar to that of Fig. 13.

As shown in Fig. 14, for the NACA 64A006 airfoil, the two
flutter speed curves for M= 0.85 and 0.875 cross each other at
jit= 185. For higher /* values, the flutter speed for M= 0.875
becomes increasingly lower than that for M=0.85 and the
bottom of the transonic dip definitely shifts to a Mach
number higher than 0.85.

It is seen that for M= 0. 875 and p > 1 85 , the amplitude ratio
approaches a constant value of 12.86 (first natural mode) and
the phase difference decreases to zero as /u, becomes larger.

For the MBB A-3 airfoil the two flutter curves for
M= 0.765 and 0.78 cross each other at /u= 195. For M=0.78
and /x> 195, the amplitude ratio approaches rather slowly the
constant value of 12.86 (first natural mode) and the phase
difference decreases to zero as /x becomes larger.

The MBB A-3 airfoil with three DOF's is then considered.
The parameter values are ^^=-0.2; *a=0.2; ra=0.5;

= 0.008; ^=0.06; and w 3 /w a = The
results are given in Fig. 15.

At M=0.78, the plunge-pitch and the plunge-aileron pitch
amplitude ratios approach two constant values of 12.81 and
10.1, respectively (first natural modes). There is more aileron
motion at low mass ratio. The two phase differences approach
zero as the mass ratio becomes larger.
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Fig. 16 Effect of flutter speed on displacement responses for the
NACA 64A006 airfoil at M= 0.85.
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Fig. 18 Effect of flutter speed on displacement responses for the
MBB A-3 airfoil at A/= 0.765.
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Fig. 17 Effect of flutter speed on aerodynamic responses for the
NACA 64A006 airfoil at M= 0.85.
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Fig. 19 Effect of flutter speed on aerodynamic responses for the
MBB A-3 airfoil at M= 0.765.

Results of Time-Response Analysis
Time-response results were obtained for the NACA 64A006

airfoil at M=0.7 and 0.85 and for the MBB A-3 airfoil at
M= 0.765, respectively. The parameters are defined as ah
= -0.2; xa =0.2; ra = 0.5; x0 =0.008; rft =0.06; oj^/coa = 0.3;
0)0/0^ = 1.5; and kc = 0.3.

A time-response analysis was first performed for the
NACA 64A006 airfoil at M=0.7. Based on the flutter speed
found in a flutter analysis, U* =2.816 at /* = 48, the neutrally
stable responses were indeed obtained.30

A time-response analysis was then performed for the
NACA 64A006 airfoil at M=0.85. The results for the three
displacements and the three aerodynamic forces were plotted
in Figs. 16 and 17, respectively. In Fig. 17, clo, cm0, and cn0

are the amplitudes of c{, cm, and cn, respectively, obtained in
the forced harmonic motion.

The airfoil was first forced to oscillate for 5l/2 cycles in
order for the response of the three aerodynamic coefficients
to become periodic. The airfoil was then set free and the
aeroelastic time-responses were calculated. Based on a flutter
solution, U* =2.436 at /A = 52.1, the time responses were
found to be slightly diverging (unstable). The flight speed was
then reduced by 10% and the time responses were found to be
converging (stable). When the flight speed was reduced by
only 4%, the neutrally stable responses were eventually
obtained. In the neutrally stable free motion, the frequency
was found to be 1 % higher than that of the original forcing
function.
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For the MBB A-3 airfoil at M= 0.765, the response results
for the three displacements and the three aerodynamic forces
were plotted in Figs. 18 and 19, respectively. In Fig. 19, dc, is
the differential c/ relative to the mean value of c, in forced
motion; dcm and dcn are defined in the same way.

Again, the airfoil was first forced to oscillate for 51A cycles
to obtain the periodic aerodynamic responses. Based on a
flutter solution, U* = 2.456 at /* = 58, the time responses were
found to be slightly diverging. The neutrally stable responses
were obtained when the flight speed was reduced by 3.5%.

Concluding Remarks
Based on the present flutter and time-response analyses, the

following concluding remarks can be made.
1) As can be seen in Figs. 2 and 3, strong shocks are present

at M-0.875 and 0.78 for the NACA 64A006 and MBB A-3
airfoils, respectively. Both the steady and unsteady
aerodynamic results were obtained by using the LTRAN2-
NLR code. Difficulty was, however, encountered when at-
lempting to obtain unsteady results for the NACA 64A006
airfoil at M= 0.9.

2) In computing the aerodynamic coefficients for all cases,
kc values of up to 1.6 were considered. For a flat plate at
M = 0.7, all nine unsteady aerodynamic coefficients were
obtained which agreed reasonably well with the kernel func-
tion method results.30

3) For the parameter values considered, the results show
that the flutter boundaries for the bending-aileron and the
torsion-aileron branches disappear when co/3/coa is ap-
proximately greater than 1. The aileron effect on the flutter
speed of the bending-torsion branch diminishes gradually as
W0/w a increases.

4) As seen in Figs. 8-10, the flutter speed for w/3/coa = 1.5
increases as the mass ratio becomes larger, as the mass center
moves forward, and as the elastic axis moves forward,
respectively. It also increases as the radius of gyration of the
airfoil becomes larger.30

5) As seen in Fig. 11, forward movement of the aileron
mass center can not only eliminate the flutter boundaries of
aileron associated branches but also increase the flutter speed
of the bending-torsion branch.

6) For the sets of parameter values considered and for the
NACA 64A006 and MBB A-3 airfoils at M-0.875 and 0.78,
respectively, each flutter mode converges to its corresponding
first natural mode as the mass ratio becomes larger, at a rate
faster than those at other Mach numbers considered.

7) For the NACA 64A006 airfoil at Af=0.7, neutrally
stable responses were obtained based on a set of parameter
values corresponding to a flutter condition in a separate
flutter analysis.30 For the NACA 64A006 airfoil at M=0.85
and the MBB A-3 airfoil at M= 0.765, neutrally stable
responses were obtained based on the flight speed 4% and
3.5% lower than the respective flutter speeds found in the
separate flutter analyses. Such small differences have recently
been removed by increasing the number of time-steps per
cycle of response motion.33

8) Including viscous effects in transonic flow calculations
would result in a less strong shock wave located further
upstream than inviscid methods indicate. A study is currently
being conducted that includes viscous effects such as shock-
boundary layer interaction and aft-decambering for the
prediction of flutter condition.

9) Recently, two-dimensional codes were developed
without the restrictions of low frequency13'20'21 and small
disturbance.22 The viscous effect was accounted for by using a
viscous ramp method.21 A three-dimensional unsteady
transonic code has also been developed.23 These new
developments will be very valuable tools for exploring the
field of transonic aeroelasticity.

10) A logical extension of the present development is to
include terms in the response equations of motion to simulate

the active control forces for the application of flutter sup-
pression.
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